
Completeness and Baire property

1. Isometry, isometric embedding

We will need this terminology:

Definition 1. Let (X, d) and (Y, ρ) be metric spaces. A mapping f : X → Y is
called an isometric embedding if for every x, y ∈ X, ρ(f(x), f(y)) = d(x, y). If, in
addition, f is a surjection, then f is called an isometry.

It follows from the first condition in the definition of metric that every isometric
embedding is an injection; therefore every isometry is a bijection.

Every isometric embedding is a homeomorphic embedding, and every isometry
is a homeomorphism. (The converse is not true: a homeomorphism between two
metric spaces does not have to be an isometry.)

Two metric spaces are called isometric if there is an isometry between them.
Homeomorphic metric spaces do not have to be isometric.

2. Completeness in metric spaces

Definition 2. A sequence of points 〈xn : n ∈ N〉 in a metric space (X, d) is called
a Cauchy sequence if for every ε > 0 there is N ∈ N such that for every m,n > N ,
d(xm, xn) < ε.

Proposition 3. Every convergent sequence in a metric space is a Cauchy sequence.

Proof. Easy exercise. 2

Definition 4. A metric space (X, d) is called complete if every Cauchy sequence
in X converges to some point of X.

Examples 5. (1) R with the standard metric d(x, y) = |x− y| is complete;
(2) Any open bounded interval (a, b) of R with the standard metric d(x, y) =

|x− y| is not complete.

Proof. (1) Let ξ = 〈xn : n ∈ N〉 be a Cauchy sequence in (R, d). For n ∈ N,
denote an = inf{xm : m ≥ n} and bn = sup{xm : m ≥ n}. The sequence ζ = 〈an :
n ∈ N〉 is non decreasing and bounded from above (by any bn. Thus ζ has a limit,
say L. It is not difficult to show that L is the limit also for ξ.

(2) For every n ∈ N, put xn = a + b−a
n . Then 〈xn : n ∈ N〉 is a Cauchy sequence

in (a, b) that does not converge (within (a, b)). 2

Definition 6. A metrizable space (X, T ) is called completely metrizable if there is
a metric d on X such that:

• d generates T ;
• The metric space (X, d) is complete.

Example 7. It is possible that:

• Two metrics, d1 and d2 defined on the same set X generate the same
topology T ;

• The metric space (X, d1) is complete;
• The metric space (X, d2) is not complete.
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Proof. Consider X = R with the standard topology. Put d1(x, y) = |x − y|
and d2(x, y) = | tan−1(x) − tan−1(y)|. As we have seen, (R, d1) is complete. On
the other hand, (R, d2) is isometric to the interval (−π/2, π/2) with the standard
metric (which as we have seen is not complete) and thus (R, d2) is not complete. 2

The proof of the following two lemmas is left for an exercise.

Lemma 8. A metric space is complete iff every Cauchy sequence has a convergent
subsequence.

Recall that the diameter diam(F ) of a subset F of a metric space (X, d) is
diam(F ) = sup{d(x, y) : x, y ∈ F}.

Lemma 9. A metric space (X, d) is complete iff for every sequence 〈Fn : n ∈ N〉
of closed subsets of X if Fn ⊃ Fn+1 for each n, and lim

n→∞
diam(Fn) = 0 then⋂

n∈N Fn 6= ∅.1

Proposition 10. A closed subspace Y of a complete metric space (X, d) is complete
(with respect to the metric d|Y ).

Therefore a closed subspace of a completely metrizable space is completely metriz-
able.

Proposition 11. Let Y be a subspace of a metric space (X, d). If the metric space
(Y, d|Y ) is complete, then Y is closed in X.

Proof. Suppose x ∈ Y \ Y . Then there is a sequence ξ of points of Y converging
to x. Then ξ is a Cauchy sequence in Y that does not converge (inside Y ). A
contradiction. 2

Proposition 12. A finite or countable product of completely metrizable spaces is
completely metrizable.

(We will discuss the proof of Proposition 12 in class.)

3. Completion of a metric space

Theorem 13. For every metric space (X, d) there is a complete metric space (X̃, d̃)
and an isometry i : X → X̃ such that i(X) is dense in X̃.

Proof. Denote C the set of all Cauchy sequences in (X, d). Let ξ = 〈xn : n ∈ N〉
and ζ = 〈yn : n ∈ N〉 be two elements of C. Define ξ ∼ ζ iff lim

n→∞
d(xn, yn) =

0. A routine check shows that ∼ is reflexive, symmetric and transitive, thus an
equivalence relation. Denote X̃ = C/ ∼. For ξ ∈ C, let ξ̃ denote the class of
equivalence of ξ; so ξ̃ ∈ X̃. For x ∈ X denote ξx the sequence “constant x”, i.e.
ξx = 〈x, x, x, ...〉. Then i(x) = ξ̃x defines an injection of X into X̃.

Next, let a, b ∈ X̃. Then a = ξ̃ and b = ζ̃ for some ξ = 〈xn : n ∈ N〉, ζ = 〈yn :
n ∈ N〉 ∈ C. Define d̃(a, b) = lim

n→∞
d(xn, yn). Again, a routine check shows that:

• This definition is correct, i.e. does not depend on the choice of the repre-
sentatives ξ and ζ of a and b;

• d̃ satisfies all three conditions from the definition of metric;
• For every x, y ∈ X, d̃(x̃, ỹ) = d(x, y).

1In fact in this case the intersection has to be a one-point set.
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Thus i : X → X̃ is a homeomorphic embedding.
To see that i(X) is dense in X̃, let a ∈ X̃ and let ε > 0. Then a = ξ̃ for some

ξ = 〈xn : n ∈ N〉 ∈ C. Since ξ ∈ C, there is N ∈ N such that d(xn, xm) < ε for all
n, m > N . In particular, d(xN+1, xm) < ε for all m > n. Then d̃(i(xN+1), a) < ε.
2

Definition 14. The metric space (X̃, d̃) from Theorem 13 is called the completion
of the metric space (X, d).

The completion of a metric space is unique in the following sense:

Theorem 15. Let (X, d) be a metric space, (Y, ρ) and (Z, σ) complete metric
spaces, i : X → Y an isometric embedding such that i(X) is dense in Y , and
j : X → Z an isomorphic embedding such that j(X) is dense in Z. Then there is
an isometry π : Y → Z such that the diagram

X Y-i

Z
?
π

Q
Q

QQsj

is commutative.

Sketch of proof. Let y ∈ Y . Since i(X) is dense in Y there is a sequence
〈i(xn) : n ∈ N〉 of points of i(X) converging to y. Then 〈xn : n ∈ N〉 is a Cauchy
sequence in X. Since j is an isometry, the sequence 〈j(xn) : n ∈ N〉 is a Cauchy
sequence in Z. Since Z is complete, this sequence converges to some point z ∈ Z.
Put π(y) = z. 2

In particular, a complete metric space “coincides” with its completion (more
accurately: if (X, d) is complete, then i : X → X̃, where X̃ is as in Theorem 13, is
an isometry).

4. Total boundedness. Compactness in metric spaces.

Definition 16. Say that a metric space (X, d) is totally bounded if for every ε > 0,
X has a finite cover by ε-balls.

Exercise 17. Show that every subspace of a totally bounded metric space is totally
bounded.

Exercise 18. Show that the set of the points of a Cauchy sequence in any metric
space is totally bounded.

Recall that (see the notes on compactness) in metrizable spaces, compactness,
countable compactness and sequential compactness are equivalent.

Theorem 19. Let (X, d) be a metric space. Then the following conditions are
equivalent:

(1) X is compact;
(2) (X, d) is totally bounded and complete.

Proof. (1) ⇒ (2) Recall (see the notes on compactness) that a compact metric
space for every ε > 0 has a finite ε-net. This implies total boundedness. A compact
space is closed in every larger Hausdorff space. Thus X (or more precisely i(X)) is



4

closed in the completion of X. This is only possible when i(X) = X̃, i.e. when X
is complete.

(2) ⇒ (1) Let X be totally bounded and complete. It suffices to show that every
infinite subset A of X has a limit point. Let X be an infinite subset of X. Since X is
totally bounded, X can be covered by finitely many balls of radius 1. One of these
balls, say B1 must contain infinitely many points of A. Next B1 can be covered
by finitely many balls of radius 1/2. For one of these balls, say B2, B1 ∩ B2 must
contain infinitely many elements of A,... etc. We receive a sequence 〈Bn : n ∈ N〉
of balls of radius 1/n such that for every n, B1 ∩ ... ∩ Bn contains infinitely many
points of A. Put Kn = B1 ∩ ... ∩Bn. Then 〈Kn : n ∈ N〉 is a decreasing sequence
of closed sets of diameter 1/n in a complete metric space. By Lemma 9, all Kn

must have a common point, say z. Then every neighborhood of z contains some
Kn and thus infinitely many points of A. 2

Remark 20. As we have seen, in general, a complete metric and an incomplete
metric can generate the same topology. Theorem 19 shows that any metric that
generates a compact topology is complete.

5. Completeness in topological spaces

(This section is optional; proofs are omitted.)

Recall that intersections of countable families of open sets are called Gδ-sets;
thus, trivially, every open set is a Gδ-set.

Definition 21. A Tychonoff topological space X is called Čech-complete if X is a
Gδ-set in some compactification of X.

Instead of “some” compactification, one can (which turns out to be equivalent)
request “every”.

Proposition 22. Every locally compact (Tychonoff) space is Čech-complete.

Proof. We remember that locally compact spaces are open in their compactifi-
cations. 2

Theorem 23. Let X be a metrizable space. Then the following conditions are
equivalent:

(1) X is completely metrizable;
(2) X is Čech-complete.

Thus, in particular, every locally compact metrizable space is completely metriz-
able (but this does not mean that every metric is complete, recall Example 7; R is
locally compact).

There are some alternative notions of completeness in topological spaces which
we do not discuss here.

6. Baire property

Recall that a set A in a topological space X is nowhere dense if Int(Cl(A)) = ∅.
The following is straightforward:

Lemma 24. (1) The closure of a nowhere dense set is nowhere dense.
(2) The union of finitely many nowhere dense sets is nowhere dense.
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(3) If A is a nowhere dense set in X and U a non empty open set in X then
U \A is a non empty open set in X.

A set S in a topological space X is said to be of first categoryin X if S can be
covered by countably many nowhere dense sets. A set which is not of first category
is said to be of second category in X.

Definition 25. Say that X has Baire property (or is a Baire space) if every non
empty open set in X is of second category.

Examples 26. (1) Q is of first category in itself, and thus not Baire.
(2) N is Baire.
(3) R (as we will see) is Baire.

Proposition 27. An open subspace of a Baire space is Baire.

Theorem 28. Every completely metrizable space is Baire.

Proof. Let (X, d) ba a complete metric space, Ai (i ∈ ω) nowhere dense subsets
of X and U a non empty open set in X. Since A1 is a nowhere dense set, U \ A
is a non empty open set in X. Using regularity, pick a non empty open subset U1

of diameter < 1 such that U1 ⊂ U \ A1,... etc. Pick a non empty open subset
Un of diameter < 1/n so that Un ⊂ Un−1 \ A1 ∪ ... ∪An. Then 〈Un : n ∈ N〉 is a
decreasing sequence of closed sets of diameter tending to zero in a complete metric
space. Thus all sets Un have a common point, say z. Then z is in U but in none of
An. 2

Theorem 29. Every regular countably compact space has Baire property.

Proof. Countable compactness is equivalent to the condition that the intersection
of any decreasing sequence of closed sets is non empty. So the argument from the
previous theorem (without taking care about diameter) works. 2

In particular, every Hausdorff compact space has Baire property.

Exercise 30. Give an example of a T1 compact space which does not have Baire
property.

Corollary 31. Every Hausdorff locally compact space has Baire property.

Proof. Because a Hausdorff locally compact space is open in its one point com-
pactification, and we know that an open subspace of a Biare space is Baire. 2

An example of an application Let ξ = 〈fn : n ∈ N〉 be a sequence of
continuous functions from R to R such that for every x ∈ R, lim

n→∞
fn(x) = f(x)

(in other words, the sequence of functions ξ converges to the function f pointwise.
It does not follow that f is continuous at all points, but it does follow that f is
continuous at the points of some dense subset of R (more specifically, in the points
of some set of second category). We will discuss the proof in class.


