
Turn-in Homework 6 (based on Sections 26, 27, 28, and 37 from Munkres’
book and handout notes “Compactness”)

Recall that X is called countably compact if from every countable open cover of
X one can extract a finite subcover. X is Lindelöf if from every open cover of X
one can extract a countable subcover. The one-point Lindelöfication of a discrete
space is the set X = D ∪ {p} where p 6∈ D topologized as follows: the points of
D are isolated (in other words, D is an open, discrete subspace of X); a basic
neighborhood of p takes the form {p}∪ (D \C) where C is any countable subset of
D.

Problem 1. Let A1, ..., An be subspaces of a topological space X. (a) Prove that
if all A1, ..., An are compact then A = A1 ∪ ... ∪An is compact.

(b) Prove that if all A1, ..., An are closed subspaces of X then A = A1 ∪ ...∪An

is compact iff all A1, ..., An are compact.

Problem 2. Show that the one-point Lindelöfication of an infinite discrete space
is not compact.

Problem 3. Show that for every compact topological space Y and every topological
space X, the projection πX : X × Y → X is a closed mapping.1

Problem 4. Show that every closed subspace of a Lindelöf space is Lindelöf.

Problem 5. Show that every continuous image of a Lindlöf space is Lindelöf.

1By the way, the converse is also true: if for every topological space X, the projection πX :

X × Y → X is a closed mapping then the space Y is compact. You may prove this if you extract
“what essentially worked” in the example of a closed set in R2 whose projection to the x-axis was

not a closed set.


